ABSTRACT. Let S be the polynomial ring over a field K and I ⊂ S a homogeneous ideal. Let h(S/I, λ ) be the h-polynomial of S/I and s = deg h(S/I, λ ) the degree of h(S/I, λ ). It follows that the inequality s − r ≤ d − e, where r = reg(S/I), d = dim S/I and e = depth S/I, is satisfied and, in addition, the equality s − r = d − e holds if and only if S/I has a unique extremal Betti number. We are interested in finding a natural class of finite simple graphs G for which S/I(G), where I(G) is the edge ideal of G, satisfies
INTRODUCTION
In the current trends on combinatorial and computational commutative algebra, the study on regularity of edge ideals of finite simple graphs becomes fashionable and many papers including [3, 8, 9, 17, 21] have been published. In the present paper we are interested in the regularity and the h-polynomials of edge ideals.
Let S = K[x 1 , . . . , 
It is natural to ask for which graph G, its edge ideal I(G) satisfies a(S/I(G)) = 0 or the equality ( * ).
In the present paper we focus on Cameron-Walker graphs. Let us recall the definition of a Cameron-Walker graph. Let im(G) (resp. m(G)) denote the induced matching number (resp. matching number) of G, see [11, p.258] . Then for any finite simple graph G, one has (0.
2) im(G) ≤ reg (S/I(G)) ≤ m(G)
by virtue of [9, Theorem 6.7] 
]) characterized a finite connected simple graph G satisfying im(G) = m(G). A Cameron-Walker graph G is a graph satisfying im(G) = m(G)
which is neither a star graph nor a star triangle; see Section 1 for more detail. In [11, 19] , Cameron-Walker graphs have been studied from a viewpoint of commutative algebra.
In the present paper, we first prove a(S/I(G)) = 0 for every Cameron-Walker graph G (Theorem 1.1) in Section 1. We next give a classification of Cameron-Walker graphs G whose edge ideal I(G) satisfies the equality ( * ) (Theorem 2.2) in Section 2. We also provide some classes of graphs other than Cameron-Walker graphs satisfying ( * ) (Proposition 2.10). In general, there is no relationship between the degree of the h-polynomial and the regularity even for edge ideals; see [13] . However we prove in Section 3 that for a Cameron-Walker graph G, the inequality deg h (S/I(G), λ ) ≥ reg(S/I(G)) holds. Moreover we characterize the Cameron-Walker graphs G which satisfy the equality (Theorem 3.1).
a-INVARIANT OF CAMERON-WALKER GRAPHS
In this section, we show
We first recall the definition of a Cameron-Walker graph. Let G be a finite simple graph on the vertex set V (G) with the edge set E(G). We call a subset M ⊂ E(G) a matching of G if e ∩ e ′ = / 0 for any e, e ′ ∈ M with e = e ′ . A matching M of G is called an induced matching of G if for e, e ′ ∈ M with e = e ′ , there is no edge f ∈ E(G) with e ∩ f = / 0 and e ′ ∩ f = / 0. The matching number m(G) of G is the maximum cardinality of the matchings of G. Also the induced matching number im(G) of G is the maximum cardinality of the induced matchings of G. As noted in Introduction, the inequalities • a star graph, i.e. a graph joining some paths of length 1 at one common vertex (see Figure 2 ); • a star triangle, i.e. a graph joining some triangles at one common vertex (see Figure 3 ); • a connected finite graph consisting of a connected bipartite graph with vertex partition {v 1 , . . . , v m } ∪ {w 1 , . . ., w n } such that there is at least one leaf edge attached to each vertex v i and that there may be possibly some pendant triangles attached to each vertex w j . Here a leaf edge is an edge meeting a vertex of degree 1 and a pendant triangle is a triangle whose two vertices have degree 2 and the rest vertex has degree more than 2.
We say that a finite connected simple graph G is Cameron-Walker if im(G) = m(G) and if G is neither a star graph nor a star triangle.
Remark 1.2. One can consider a star graph G with |V (G)| ≥ 3 as a Cameron-Walker graph consisting of bipartite graph K 1,1 with some leaf edges and without pendant triangle. Hence claims for Cameron-Walker graph in the below are also true for such a star graph.
Note that for a Cameron-Walker graph G, the regularity of
Let G be a Cameron-Walker graph. In what follows we use the following labeling on vertices of G; see Figure 1 :
where {v 1 , . . . , v m } ∪ {w 1 , . . . , w n } is a vertex partition of a connected bipartite subgraph of G, x
is a leaf edge, and
ℓ,2 ( j = 1, . . . , n; ℓ = 1, . . . ,t j ) are vertices which together with w j form a pendant triangle. Note that s i ≥ 1 and t j ≥ 0. Figure 1 . Then
Before giving a proof of Proposition 1.3, several lemmata will be prepared. Let I ⊂ S be a monomial ideal of S and let x be a variable of S which appears in some monomial belonging to the unique minimal system of monomial generators of I. Then, by the additivity of Hilbert series on the exact sequence 0 → S/I : (x)(−1)
Let G be a finite simple graph on the vertex set V (G) = {x 1 , . . . , x n } with the edge set E(G).
Thus, by virtue of Lemma 1.4, it follows that Lemma 1.5.
The following lemma is somewhat technical. Lemma 1.6. Let G be a finite simple graph and let x v ∈ V (G). Assume that
Proof. It follows from Lemma 1.5. 
In particular,
, the star triangle joining t triangles at the common vertex x v ; see Figure 3 .
x 2t ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲
We also use the following lemmata. 
Let G be a disconnected graph whose connected components are G 1 , . . ., G r . Then
Thus, by virtue of Lemma 1.9, one has Lemma 1.10. Under the notation as above,
Now we are in the position to prove Proposition 1.3.
Proof of Proposition 1.3. Let G be a Cameron-Walker graph as in Figure 1 . We prove the equality (1.1) by using induction on m + n.
First, we assume that
. Hence the equality (1.1) follows by Lemma 1.7. Next assume t 1 > 0 . We will show
Note that
• G V (G)\{v 1 } consists of s 1 isolated vertices and a star triangle G 
(1) t 1 ,2 ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲
Hence, by using Lemmata 1.7, 1.8 and 1.9, one has
Thus, by virtue of Lemma 1.5, it follows that
Next, we assume that m + n > 2.
(First Step.) Let m = 1 and n > 1. Suppose that there exists 1 ≤ ℓ ≤ n such that t ℓ = 0. We may assume ℓ = n. Then we will show
Since t n = 0, {v 1 , w n } is a leaf edge. Hence we can regard G as a Cameron-Walker graph such that its bipartite part is the star graph G star(v 1 ) n−1 and the vertex v 1 has s 1 + 1 leaf edges. Thus, by induction hypothesis, one has
Next, suppose that t j > 0 for all 1 ≤ j ≤ n. We will show
• G V (G)\{v 1 } consists of s 1 isolated vertices and n star triangles G
see Figure 5 .
Therefore one has
as desired.
(Second Step.) Let m > 1 and n = 1. We will show
Note that Figure 6 .
Hence, by using Lemmata 1.7 and 1.9, one has
.
(Third Step.) Let m > 1 and n > 1. Suppose that there exists 1 ≤ ℓ ≤ n such that {v m , w ℓ } is a leaf edge. We may assume ℓ = n. Then t n = 0. We will show
Note that we can regard G as a Cameron-Walker graph such that its bipartite part has bipartition {v 1 , . . . , v m } ∪ {w 1 , . . . , w n−1 }, the vertex v i has s i leaf edges for all 1 ≤ i ≤ m − 1 and the vertex v m has s m + 1 leaf edges. Thus, by induction hypothesis, one has We give an example after the proof; see Example 1.11.
Note that each graph of type (a2) can be considered as a Cameron-Walker induced subgraph. Also note that each induced star graph G
) appears in (a2) or (a4) (resp. (a3) or (a4)) as a (sub)graph. Hence by virtue of Lemmata 1.7, 1.8, 1.10 and induction hypothesis, one has
On the other hand,
Thus Lemma 1.6 says that
We give an example of Cameron-Walker graph with m > 1 and n > 1 which would be helpful to understand (Third Step.) of the proof of Proposition 1.3. 
CAMERON-WALKER GRAPHS WITH THE EQUALITY ( * )
As noted in Introduction, for an arbitrary finite simple graph G, one has
where we set S = K[V (G)]. Then it is natural to ask for which graph G satisfies the equality:
S/I(G)) = dim S/I(G) − depth(S/I(G)).

Recall that the equality ( * ) holds if and only if S/I(G) has a unique extremal Betti number. Hence when I(G) has a pure resolution ([5, p. 153]), the equality ( * ) holds. Moreover by ([2, Lemma 3]), it follows that the equality ( * ) holds if S/I(G) is Cohen-Macaulay.
In this section, we give a classification of Cameron-Walker graphs G with the equality ( * ).
Throughout this section, let G be a Cameron-Walker graph whose labeling of vertices is as in Figure 1 . By Theorem 1.1, the equality ( * ) holds if and only if depth (S/I(G)) = reg (S/I(G)). Both of these invariants have combinatorial explanations. The regularity is equal to the induced matching number (or the matching number) of G: reg (S/I(G)) = ∑ n j=1 t j + m. In order to state about the depth, we need some definitions.
denote by i(G), the minimum cardinality of independent sets A with A ∪ N G (A) = V (G). Then depth (S/I(G)) = i(G);
see [11, Corollary 3.7] . We have the following estimation for i(G). Figure  1 . Then
Lemma 2.1. Let G be a Cameron-Walker graph whose labeling of vertices is as in
m + |{ j : t j > 0}| ≤ i(G) ≤ min m ∑ i=1 s i + n, n ∑ j=1 t j + m .
Moreover if the bipartite part of G is the complete bipartite graph, then i(G)
Proof. The upper bound is clear. We prove the lower bound. Let A ⊂ V (G) be an independent set with A ∪ N G (A) = V (G). Then we put A bip = A ∩ {v 1 , . . ., v m , w 1 , . . . , w n } and A ′ = A \ A bip . We note that A = A bip ⊔ A ′ , and
Hence one has
When the bipartite part of G is the complete bipartite graph, one has either A bip ⊂ {v 1 , . . ., v m } or A bip ⊂ {w 1 , . . . , w n }. For the former case, since s i ≥ 1 for all i, it follows that |A| ≥ ∑ n j=1 t j + m. For the latter case, one has |A| ≥ ∑ m i=1 s i + n because w j ∈ A bip if t j = 0. It then follows that
Combining this with the upper bound, one has the equality.
By virtue of this lemma, we can give a classification of Cameron-Walker graphs G satisfying the equality ( * ). Figure 1 
Theorem 2.2. Let G be a Cameron-Walker graph whose labeling of vertices is as in
and G bip the bipartite part of G. Then S/I(G) satisfies the equality ( * ) if and only if
holds for all V ⊂ {v 1 , . . . , v m }.
Proof. Assume that there exists a subset
Then A is an independent set with A ∪ N G (A) = V (G) and
Hence we have depth(S/I(G))
Thus S/I(G) does not satisfy the equality ( * ). Next, we assume that
For j satisfying N G bip (w j ) ⊂ {v 1 , . . ., v m } \ A v and w j ∈ A w , one has t j ≥ 1. Hence
Considering the inequality (2.1) for V = {v 1 , . . ., v m } \ A v , it follows that
Hence we have
Thus one has
This inequality together with Lemma 2.1 says that
Therefore S/I(G) satisfies the equality ( * ).
Remark 2.3.
(1) When we use Theorem 2.2, we only need to check the inequality As an application of Corollary 2.4, we give a complete answer for Question 2.7. We first note about the depth. Proof. Assume that G is a Cameron-Walker graph with depth(S/I(G)) = 1. By Lemma 2.1, one has m = 1 and t j = 0 for all 1 ≤ j ≤ n. Then G is a star graph but this is a contradiction since star graphs are not Cameron-Walker by definition.
Next assume that G is a Cameron-Walker graph with depth(S/I(G)) = 2. By Lemma 2.1, one has
• m = 2 and t j = 0 for all 1 ≤ j ≤ n, or • m = 1 and t j = 0 except for one j.
We consider the case m = 1. Since G is not a star graph, there exists just one j with t j = 0, say j = 1. When n ≥ 2, since m = 1 and t j = 0 for 2 ≤ j ≤ n, G can be considered as a Cameron-Walker graph whose bipartite subgraph is of type (1, 1) such that v 1 has s 1 + (n − 1) leaf edges and w 1 has one pendant triangle. Thus we may assume n = 1. If t 1 ≥ 2, then i(G) = depth S/I(G) = 2 implies that s 1 = 1. Hence the assertion follows. The converse is easy.
Since any Cameron-Walker graph G satisfies depth S/I(G) ≥ 2, we only consider the case e ≥ 2 in Question 2.7. By virtue of Corollary 2.4, we can give a Cameron-Walker graph G satisfying the properties in Question 2.7 with the equality ( * ). Proof. We use the labeling of vertices of a Cameron-Walker graph as in Figure 1 .
•
Thus one has depth S/I(G)
• The case d = e: Let G be the Cameron-Walker graph with
(G). Thus one has depth S/I(G)
Finally of the section, we provide some classes of graphs G which satisfy the equality ( * ) other than Cameron-Walker graphs. on {x 1 , . . . , x s } ∪ {x s+3 } and P 4 on {x s+1 , . . ., bx s+4 }; see Figure 7 .
x s+2
x s+3
x s+4
Before proving Proposition 2.10, we recall some facts on invariants of an edge ideal. For a finite simple graph G, the dimension dim S/I(G) is equal to the maximum cardinality of independent sets of G. In particular, one has dim S/I(P n ) = ⌈n/2⌉ and dim S/I(C n ) = ⌈(n − 1)/2⌉.
We also recall the non-vanishing theorem of Betti numbers of edge ideals. exist edges e 1 , . . ., e ℓ with e k ∈ E(B k ), k = 1, . . . , ℓ such that {e 1 , . . ., e ℓ } forms an induced matching of G.
Moreover, when G has no cycle, β i,i+ℓ (S/I(G)) = 0 if and only if there exists such a set of star subgraphs of G.
By Lemma 2.11, it follows that the equality reg(S/I(G)) = im(G) holds when G has no cycle, which was first proved by Zheng [22] . Now we prove Proposition 2.10.
Proof of Proposition 2.10. Recall that the equality ( * ) is satisfied if and only if (p, p + r)-
th Betti number does not vanish where p is the projective dimension and r is the regularity. 
. .x n } and E(P n ) = {{x 1 , x 2 }, {x 2 , x 3 }, . . . , {x n−1 , x n }}. It follows from [18, Lemma 2.8] that depth(S/I(P n )) = ⌈n/3⌉. Hence by AuslanderBuchsbaum Theorem, one has p := proj dim(S/I(P n )) = n − depth(S/I(P n )) = n − ⌈n/3⌉.
Also, by [4, p.4, Proposition] , one has r := reg(S/I(P n )) = ⌈(n − 1)/3⌉.
• The case n = 3ℓ or n = 3ℓ + 1 : Then p = 2ℓ and r = ℓ.
. Take e k := {x 3(k−1)+1 , x 3(k−1)+2 } ∈ E(B k ). Then {e 1 , . . . , e ℓ } forms an induced matching of P n . Thus Lemma 2.11 says that β p,p+r (S/I(P n )) = β 2ℓ,2ℓ+ℓ (S/I(P n )) = 0.
• The case n = 3ℓ + 2 : Then p = 2ℓ + 1 and r = ℓ + 1. For 1 ≤ k ≤ ℓ, let B k be the induced subgraph of P n on {x
. Also let B ℓ+1 be the induced subgraph of P n on {x 3ℓ+1 , x 3ℓ+2 }, which is the star subgraph G star(x 3ℓ+2 ) 1
. Take e k := {x 3(k−1)+1 , x 3(k−1)+2 } ∈ E(B k ) for k = 1, . . . , ℓ, ℓ + 1. Then {e 1 , . . . , e ℓ , e ℓ+1 } forms an induced matching of P n . Thus Lemma 2.11 says that β p,p+r (S/I(P n )) = β 2ℓ+1,(2ℓ+1)+ℓ+1 (S/I(P n )) = 0.
lows from [7, p. 117 ] that depth(S/I(C n )) = ⌈(n − 1)/3⌉.
Hence by Auslander-Buchsbaum Theorem, one has
Also by [1, Theorem 5.2] , one has
Then we can prove the case where n = 3ℓ. In this case, p = 2ℓ and r = ℓ.
. Take e k := {x 3(k−1)+1 , x 3(k−1)+2 } ∈ E(B k ). Then {e 1 , . . ., e ℓ } forms an induced matching of C n . Thus Lemma 2.11 says that β p,p+r (S/I(C n )) = β 2ℓ,2ℓ+ℓ (S/I(C n )) = 0. Hence S/I(C n ) satisfies the equality ( * ).
For the cases n = 3ℓ + 1, 3ℓ + 2, we compute all invariants appearing in the equality ( * ). We have already known the dimension, the depth, and the regularity. In order to compute deg h(S/I(C n ), λ ), consider the short exact sequence
Thus Lemma 1.4 says that
• The case n = 3ℓ+1 : Then reg(S/I(C n )) = depth(S/I(C n )) = ℓ and dim S/I(C n ) = ⌈3ℓ/2⌉. Moreover, since
one has deg h(S/I(C n ), λ ) = ⌈3ℓ/2⌉. Hence S/I(C n ) satisfies the equality ( * ).
• The case n = 3ℓ + 2 : Then reg(S/I(C n )) = depth(S/I(C n )) = ℓ + 1 and dim
one has deg h(S/I(C n ), λ ) = ⌈(3ℓ + 1)/2⌉. Hence S/I(C n ) satisfies the equality ( * ). (4) Since G s has no cycle, one has reg(S/I(G s )) = im(G) = 1 by [22] . Also it is easy to see from Lemma 2.11 that proj dim(S/I(G s )) = s+2, and β s+2,(s+2)+1 (S/I(G s )) = 0.
Remark 2.12. The graph G s in Proposition 2.10 (as well as P 3ℓ+1 ) is an example of a graph satisfying ( * )
OTHER PROPERTIES ON CAMERON-WALKER GRAPHS
In this section, we provide some properties on a Cameron-Walker graph derived from the results of previous sections.
Let Therefore we have the following answer for Question 3.2 when e = 2. 
